STAT/MA 41600
In-Class Problem Set #22: October 1, 2018
Solutions by Mark Daniel Ward

Problem Set 22 Answers

la. Let X; = 1 if the jth person gets the correct plate of food, and X; = 0 otherwise. Then
the expected number of students who get their own proper plates of food is E(X; + -+ + X3) =
E(X1)+ -+ E(Xs) =8E(X;y) = (8)(1/8) = 1.

1b. We compute E((X; + -+ + X3)?) = 8E(X1X1) + 56E(X1 X2). As before, we have E(X;X;) =
E(X1) = 1/8. We also notice that E(X;X5) = (1/8)(1/7). So we conclude that Var(X;+-- -+ X5s)
((8)(1/8) 4+ (56)(1/8)(1/7)) — (1)* =1+1—-1=1.

2a. We compute P(Y = X) = Y30_,(1/5)(2/3)""1(1/3) = (1/5)(1/3)(1 — (2/3)%)/(1 — 2/3) =
(1/5)(1 — (2/3)%) = 211/1215 = 0.1737.
2b. We compute P(Y > X) = S20_ (1/5)(2/3)" = (1/5)(2/3 — (2/3)%)/(1 — 2/3) = 422/1215 =

0.3473.

3a. We compute that P(Y = X) = Y02, <25 (2/3)"1(1/3) = (e7%)(553) L2, 5(2/8)" =

z=1 gl

(e79)(1/2) 3252, QOB — (e75)(1/2)(19/3 — 1) = 0.0911.

=1 !
3b. We get P(Y > X) = 3202, 5308y <P (2/3) 1 (1/3) = 30000 o (1/3) D2 1 (2/3)V 7 =
Sato S (1/3)(2/3)7/(1 - 2/3) = 320 5P (2/3)" = Loty G = (e7P)(e0) = e/ =

z=0 z! z=0 g! =0 !

0.1889.

4. In all cases below, we let X; = 1 if the jth person is happy, and X; = 0 otherwise. We let X

denote the total number of happy students. So we have X = X7 +--- + X7.

4a. We have E(X)=E(X;+ -+ X7) =E(Xy)+ - +E(X7) =1/7T+---+1/7T=1.

4b. We have Var(X) = E(X?) — (E(X))2. We compute E(X?) = E((X1 + -+ + X7)?) = TE(X?) +

42E(X1Xo) = TE(X;)+42E(X; X3) = 7(1/7)+42(0) = 1. So we conclude that Var(X) = 1-12 = 0.
Note: A different way to derive the answer to 4a and 4b is to note that exactly 1 student will

always get the blue pencil, so there is always exactly 1 happy student, so the expected number of

happy students is 1 and the variance of the number of happy students is 0 (because the random

variable is just a constant 1 (always) in that setup).

4c. We have E(X) = 1 for the exact same reasoning as in 4a.

4d. We have Var(X) = E(X?) — (E(X))2. We compute E(X?) = E((X1 + -+ + X7)?) = TE(X}) +

22E(X1X2) = TE(Xy) + 42E(X1 X2) = 7(1/7) +42(1/7)(1/6) = 2. So we conclude that Var(X) =

2-12=1.



