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Solutions by Mark Daniel Ward

Problem Set 25 Answers

1. We compute as follows: P (Y > 2X+1) =
∫∞
0

∫∞
2x+1

e−x−y dy dx =
∫∞
0
−e−x−y|∞y=2x+1 dx =∫∞

0
e−x−(2x+1) dx =

∫∞
0

e−3x−1 dx = −(1/3)e−3x−1|∞x=0 = (1/3)(e−1).

2a. We compute as follows: P (max(X, Y ) ≤ 1) =
∫ 1

0

∫ 1

0
e−x−y dy dx =

∫ 1

0
e−x dx

∫ 1

0
e−y dy =

(−e−x|1x=0)(−e−y|1y=0) = (1− e−1)(1− e−1) = (1− e−1)2.

2b. We compute as follows: P (max(X, Y ) ≤ 2) =
∫ 2

0

∫ 2

0
e−x−y dy dx =

∫ 2

0
e−x dx

∫ 2

0
e−y dy =

(−e−x|2x=0)(−e−y|2y=0) = (1− e−2)(1− e−2) = (1− e−2)2.
2c. For a > 0, we compute as follows: P (max(X, Y ) ≤ a) =

∫ a

0

∫ a

0
e−x−y dy dx =∫ a

0
e−x dx

∫ a

0
e−y dy = (−e−x|ax=0)(−e−y|ay=0) = (1− e−a)(1− e−a) = (1− e−a)2.

2d. The CDF of Z is FZ(z) = 0 for z ≤ 0, and FZ(z) = (1 − e−z)2 for z > 0. So the
probability density function of Z is fZ(z) = 0 for z ≤ 0, and fZ(z) = d

dz
(1 − e−z)2 =

(2)(1− e−z)(e−z) for z > 0.

3a. We have P (|X − 3| < 1/2) =
∫ 7/2

5/2
fX(x) dx =

∫ 3

5/2
x/9 dx +

∫ 7/2

3
(2/3 − x/9) dx =

x2/18|3x=5/2 + (2x/3− x2/18)|7/2x=3 = (32− (5/2)2)/18+ ((2)(7/2)/3− (7/2)2/18)− ((2)(3)/3−
32/18) = 11/36.

3b. We have P (|X − 3| > 2) =
∫ 1

0
fX(x)dx+

∫ 6

5
fX(x)dx =

∫ 1

0
x/9dx+

∫ 6

5
(2/3− x/9)dx =

x2/18|1x=0 + (2x/3− x2/18)|6x=5 = 1/18 + ((2)(6)/3− 62/18)− ((2)(5)/3− 52/18) = 1/9.

4a. We have fX(x) = 0 for x ≤ 0. For x > 0, we have fX(x) =
∫∞
0

fX,Y (x, y) dy =∫∞
0

e−x−y dx = −e−x−y|∞y=0 = e−x.
4b. For a > 0, we have FX(a) =

∫ a

0
fX(x) dx =

∫ a

0
e−x dx = −e−x|ax=0 = 1− e−a. Therefore,

we get FX(x) = 1− e−x for x > 0, and FX(x) = 0 otherwise.
4c. For 0 ≤ a ≤ 3, we have FX(a) = P (X ≤ a) =

∫ a

0
fX(x) dx =

∫ a

0
x/9 dx = x2/18|ax=0 =

a2/18.

For 3 ≤ a ≤ 6, we have FX(a) = P (X ≤ a) =
∫ a

0
fX(x) dx =

∫ 3

0
x/9 dx +

∫ a

3
(2/3 −

x/9) dx = x2/18|3x=0 + (2x/3 − x2/18)|ax=3 = 9/18 + ((2)a/3 − a2/18) − ((2)(3)/3 − 32/18) =
−1 + 2a/3− a2/18.

So the CDF of X is:

FX(x) =


0 for x < 0

x2/18 for 0 ≤ x ≤ 3

−1 + 2x/3− x2/18 for 3 ≤ x ≤ 6

1 for x > 6

1


