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Problem Set 39 Answers

1a. We have E(XiXj) = (2/5)((2/4)(1/3) + (2/4)(2/3)) = 1/5 and E(Xi) = 2/5 and
E(Xj) = 2/5, so Cov(Xi, Xj) = 1/5− (2/5)2 = 1/25.
1b. We have Var(Xi) = E(XiXi)−E(Xi)E(Xi) = E(Xi)− (E(Xi))

2 = 2/5− (2/5)2 = 6/25.
1c. We conclude that Var(X) = 6(1/25) + 3(6/25) = 24/25.

2a. We have E(XiXj) = (36/52)(35/51) = 105/221 and E(Xi) = 36/52 = 9/13 and
E(Xj) = 36/52 = 9/13, so Cov(Xi, Xj) = 105/221− (9/13)2 = −12/2873.
2b. We have Var(Xi) = E(XiXi) − E(Xi)E(Xi) = E(Xi) − (E(Xi))

2 = 9/13 − (9/13)2 =
36/169.
2c. We conclude that Var(X) = (6)(−12/2873) + (3)(36/169) = 1764/2873.

3. We have E(XY ) =
∫ 2

0

∫ 2

0
(xy)( 1

12
(4−xy))dxdy = 1

12

∫ 2

0

∫ 2

0
(4xy−x2y2)dxdy = 1

12

∫ 2

0
(2x2y−

x3y2/3)|2x=0 dy = 1
12

∫ 2

0
(8y − 8y2/3) dy = 1

12
(4y2 − 8y3/9)|2y=0 =

1
12
(16− 64/9) = 20/27.

We also have E(X) =
∫ 2

0

∫ 2

0
(x)( 1

12
(4− xy))dxdy = 1

12

∫ 2

0

∫ 2

0
(4x− x2y)dxdy = 1

12

∫ 2

0
(2x2−

x3y/3)|2x=0 dy = 1
12

∫ 2

0
(8− 8y/3) dy = 1

12
(8y − 4y2/3)|2y=0 =

1
12
(16− 16/3) = 8/9.

Alternatively, from Problem Set 26, question #4b, we know that fX(x) = 2/3− x/6 for

0 < x < 2, and fX(x) = 0 otherwise, so E(X) =
∫ 2

0
(x)(2/3−x/6)dx =

∫ 2

0
(2x/3−x2/6)dx =

(x2/3− x3/18)|2x=0 = 4/3− 4/9 = 8/9.
By symmetry, we know that E(Y ) = E(X) = 8/9. Thus Cov(X, Y ) = E(XY ) −

E(X)E(Y ) = 20/27− (8/9)2 = −4/81.

4. For 0 < x < 2, we have fX(x) =
∫ 2x

0
1
8
xy dy = 1

16
xy2|2xy=0 = 1

16
x(2x)2 = x3

4
. Therefore,

the conditional density of Y given X = x is fY |X(y | x) = fX,Y (x,y)

fX(x)
= (1/8)xy

x3/4
= y/(2x2) for

0 < y < 2x, and fY |X(y | x) = 0 otherwise.
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