STAT /MA 41600
In-Class Problem Set #28: October 21, 2016
Solutions by Mark Daniel Ward

Problem Set 28 Answers

la. We have noted that fxy(z,y) can be factored in this problem, so that fx(z) = 5e™**
for q: > O and fX( ) = 0 otherwise, and fy(y) = 3e¢™% for y > 0 and fy(y) = 0 otherwise.

= [y (x)(5e7") dx. Using integration by parts with u = 2 and dv = 5e~5% dx, we
have du = dz and v = —e* 7 so B(X) = (2)(—e )52y — [T —e " de = [[Te ™ da =
(5, = 175
Alternatlvely, we could have computed E(X) = [;°[7*(z)(15¢75*%) dx dy, and we would
get the exact same answer.
1b. Using the same steps as in la, we compute E(Y) = [*(y)(3e™®) dy = 1/3.
2a. We compute E(X) = [°[>(x)(24e757~%) dy de = [° ( )(246‘“)]50( =) dy dx =

fooo(x)(24e*5x)(—1/3)( *Sy NoZs dm = fo 2)(24e757)(1/3) (e ) da = [ (2)(8¢7®") dx. The
rest of the computation just looks like questlon la, with 8 1nstead of 5. We have E(X) =
(el e [ e ~(1/8)e]=, — 1/5.
2b. We compute E(Y) = [ (y)(24e™ %) dy dw = [;°(24e7>) [*(ye™) dy dx. For
the inner integral, namely7 [.°(ye™3) dy, we use integration by parts, with « =y and dv =
e~ dy, and thus du = dy and v = —e™¥/3, so we have [~ (ye ) dy = (y)(—e ?Y/3)[>2, —
[ —e3dy = (x)(e™/3) + (1/9)e™* = (x/3 4+ 1/9)e . Substituting back into the
expression for E(Y), we get E(Y) = [;7(24e ") (x/3 4+ 1/9)e™* dx = [ (8x + 8/3)e " du.
We use integration by parts again, this time with v = 8z + 8/3 and dv = e —8z dx, and thus
du = 8dx and v = —e57/8, to get E(Y) = (82 + 8/3)(—e 37/8)[22, — [, (8)(—e 57/8) du =
(8/3)(1/8) + [, e ¥ dx =1/3+1/8 =11/24.

Alternatively, we could have reversed the order of integration. This gives us E(Y) =
I ) (24e5273) da dy = [7°(24ye™) [ e da dy. Now the inner integral is much
casier, just [ e " dx = —e ?/5|%_y = (1/5)(1—e~?). Substituting back into the expression
for B(Y), we get E(Y) = [ (24ye™)(1/5)(1 —e™™) dy = (24/5) [;" y(e™® — e ) dy. We
use integration by parts with u = y and dv = (e — e7%) dy, and thus du = dy and
v=—e/3+e8/8 to get K(Y) = (24/5)(y)(—e /3 + e ®/8)[>2, — (24/5) [;"(—e /3 +
e5/8) dy = (24/5) [(e /3 — ¢~*/8) dy = (24/5)(—e~/9 + ¢ M6A)[:2q = (24/5)(1/9 ~
1/64) = 11/24.

3a. We compute E(X) = fo - x/2 )(1/16) dy dz = f08(4 — x/2)(x)(1/16) dy dz =
(1/16) [ (42 — 2%/2) dx ~ (1/16)(22 — x3/6) 8= (1/16)(128 — 256/3) = 8/3

3b. We compute E(Y fo . I/z y)(1/16) dy dz = fo (¥%/2)(1/16)],= = x/Q fo —
x/2)%(1/32) dx = fo 16 4:6—1—:52/4)(1/32) dr = (162 — 222 +:1:3/12)(1/32) 0= 4/3

4. We compute E(X) = fofo 54— xy ) dy dz = fo 12 (4dy — xy2/2) o) dv =
fo —2x))dx = fo (8 — 21’ )d:v = & (42? — 22%/3)|2_ = 15(16 — 16/3) = 8/9.



