STAT /MA 41600
In-Class Problem Set #27: October 19, 2016
Solutions by Mark Daniel Ward

Problem Set 27 Answers

la. Yes, it is true, since X and Y are independent.

1b. Since X and Y are independent, we have P(Y > 3/10 | X > 1/10) = P(Y > 3/10). As
observed in la of the solutions to the previous problem set, we have fy(y) = 3= for y > 0,
and fy(y) = 0 otherwise. Thus P(Y > 3/10) = f;/Om 3e 3 dy = —e*3y|§;°:3/10 = e /10,

2a. We have P(Y > 3/10 | X > 1/10) = P02 0 & Fell0) — PO=30 U0 We com-
pute P(Y > 3/10& X > 1/10) = f3/10 f1/10 24723 dydy = f3/10 (24/5)e =3 _ 10dy =
Jsr0((24/5)e™ 27 —(24/5)e™) dy = (—(8/5)e™ />~ +(3/5)e )|, ) = (8/5)e” /23310 —
(3/5)e=8/10) = (8/5)e~14/10 _(3/5)e=24/10, So altogether we get P(Y > 3/10 | X > 1/10) =
(8/5)e14/10—(3/5)e—24/10 = (8/5)e —6/10 _ (3/5)e ~16/10_

o—8/10
2b. We have fy(z) = [7724e 3 dy = —8e™5"=3|> = 8e™% for x > 0, and fx(z) = 0
otherwise, so fy|X(y | z) = f)};;((z)y) = 242;2;@ =33 for y > z, and fy|x(y | ) =0
otherwise.
2c. We have P(Y > 3/10 | X = 1/10) = [7) frix(y | 1/10) dy [57,,3¢*1°7% dy —
M0y (=610

y:

=e
3a. Since the joint pdf of X and Y is constant on a triangle with area 16, then fxy(z,y) =
1/16 for X, Y in the triangle, and fxy(z,y) = 0 otherwise. Also fx(z) = 4 =/ 1/16dy =
(1/16)(4 — x/2). Thus, we have fy|x(y | z) = L8 = al0 o = 1/(4 —33/2), and in
particular, fy|x(y | ) =1/3.

3b. We have P(Y > 1| X =2) = [ fyix(y | 2)dy = [ 1/3dy = 2/3.

3c. We have P(Y > 1| X >2) = POZLEX=) _ f UGy _ (1100022 _ 4 jg

P(X>2) fo 5 1/16dedy — (1/16)(6)(
4a. We have fyx(y | ) = f)};’((x)y) = (1/21/23)(43:7?) for0<z<2and 0 <y <2.
4b. We have fyix(y | 2/3) = 2200 — WG — (3/20)(4 - (2/3)y) for 0 <y <2,

and fy|x(y | 2/3) = 0 otherwise. Therefore, we compute P(Y < 4/3 | X = 2/3) =
Jo2(3/20)(4 — (2/3)y) dy = (3/20)(4y — (2/3)y%/2)|,, = 32/45

4/3 2/3 ) de
4c. We compute P(Y < 4/3 | X < 2/3) = P(Y<4/3 & X<2/3) _ Jg (1/12)(4—ay) dz dy _

P(X<2/3) fo 2/3 (1/12)(4—wy) dz dy
JA3012) (Am—ya¥ )23 dy  [HP012)(8/3—4y/18) dy  (1/12)((8/3)y—4y2/36)[21%  (1/12)((8/3)(4/3)—4(4/3)2/36) _
JE/12)(da—ye2) 22 dy  JE(/12)(8/3—4y/18) dy  (1/12)((B/3)y—4y?/36) = UG @ 1025

68,/99.



