STAT /MA 41600
In-Class Problem Set #44: December 9, 2015
Solutions by Mark Daniel Ward

la. We have 0.5 < X < 22,50 0.3 <Y < 0.98. Since X is uniformly distributed on
[0.5,2.2], and (2/5)X + 0.1 is a linear function of X (i.e., just a scaling and shifting), then
Y must be uniformly distributed on [0.3,0.98], so fy(y) = 1/(0.98 —0.3) = 1/0.68 = 1.47
for 0.3 <y <0.98, and fy(y) = 0 otherwise. If you prefer, we can calculate the CDF of Y.
For 0.3 < y < 0.98, we have P(Y <y) = %, and differentiating with respect to y yields
fy(y) = 1/(0.98 — 0.3) = 1.47.

1b. We have P(Y < 0.60) = [y 1.47dy = (0.3)(1.47) = 0.44.

lc. We have P(Y < 0.60) = P((2/5)X + 0.1 < 0.60) = P(X < 1.25) = L2805 — (44,

2a. Since Y is uniformly distributed on [0.3,0.98], then from our formulas for the mean and
variance of a Continuous Uniform random variable, we know E(Y) = (0.3 4 0.98)/2 = 0.64
and VarY = (0.98 — 0.3)%/12 = 0.039.

We can also calculate: E(Y') = 0%98( )(1.47) dy = 0.64 and E(Y?) = 098( 2)(1.47)dy =

0.45 so Var(Y) = 0.45 — (0.64)? = 0.04, and the standard deviation is oy = v/0.04 = 0.2.

2b. Since Y is a sum of 100 independent random variables, each with mean 0.64 and variance
0.039, then the distribution of Y is approximately Normal with mean (100)(0.64) = 64 and
variance (100)(0.039) = 3.9.

3a. Since Y = (X +3)(X—3) = X?-9,and 0 < X <3, then —9 <Y < 0. For -9 <y <0,
we have Fy(y) = P(Y <y) = P(X> =9 <y) = P(X <\y+9) = L0 _ 1 /47
Differentiating with respect to y, we get fy (y) = &(y +9)~/2

3b. We have E(Y) = [y fy(y) dy = f (1)(1/6)(y + 9)"Y2 dy. Using u = y + 9, this
gives E(QY) = [(u—9)(1/6)(u)" 2 du = (1/6) [ (u"/? — 9u='?) du = (1/6)((2/3)u®? —
18u'?)[ _, = (1/6)((2/3)9%% — (18)9"/%) = (1/6)((2/3)(27) — (18)(3)) = (1/6)(18 — 54) =
(1/6)(—36) = —6.

3c. We compute E(Y) = E((X +3)(X —3)) = E(X?2-9) = fog(xz —9)(1/3) dz =
(1/3)(=%/3 — 956)\;0 = (1/3)(3%/3 = (9)(3)) = (1/3)(9 — 27) = (1/3)(~18) = —6.

4a. We have E(X fo f02/5 “(z)(1/5) dy dx = 10/3.

4b. We have E(Y fo f02/5 “(y)(1/5) dy dz = 2/3.

4c. We have E(XY) fo f02/5 “(zy)(1/5) dy dx = 5/2.

4d. We conclude that Cov(X,Y) = E(XY) — E(X)E(Y) = 5/2 — (10/3)(2/3) = 5/18 =
0.2778.
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