STAT /MA 41600
In-Class Problem Set #40: November 30, 2015
Solutions by Mark Daniel Ward

la. For # > 0, we have fx(z) = [ 70e73~™ dy = 10e~'%%; for x < 0, we have fx(z) = 0.
1b. For z > 0, we have fy|X(y | x) = f)};((cf)y) = 7?’663110:‘1/ = 7™ for y > x; and

frply | 2) =0 for y < .
1c. For z > 0, we have E(Y | X =)= [T(y)(Te™ ™) dy =2+ 1/T7.

1d. We compute E(Y) = [ (x4 1/7)(10e71°%) dz = 1/10 +1/7 = 17/70 = 0.2429.

2a. The conditional mass of X, given Y =3, is fxy(3|3) = 1/3; fxv(4 | 3) = 2/3; and
fxy(z | 3) = 0 otherwise. So E(X | Y =3) = (3)(1/3) + (4)(2/3) = 11/3.

2b. The conditional mass of Y, given X = 3, is fyx(1 | 3) = 2/5; fyx(2 | 3) = 2/5;
frix(313) =1/5; and fyix(y | 3) = 0 otherwise. So E(Y | X = 3) = (1)(2/5) + (2)(2/5) +
(3)(1/5) = 9/5.

3a. For 0 < y < 8, we have fy(y fog v)/4 1/8dx = (1/8)(8 —y)/4 = (8 —y)/32. So
WZ ge)’;4fx|y(:v | y) = fo:((;y) = (8_175)8/32 = 4/(8 —y). So we conclude E(X | Y =y) =
Jo (@) (4/(8 —y))dz = (8 —y)/8.

3b. For 0 < 2 < 2, we have fx(z) = 8 1/8dy = (2 — x)/2. So we get frix(y | z) =

T, 4z
f;},);;((;)y) = o575 =1/(4(2—1x)). So we conclude EY | X =x)= [T ()1/(42—x))dy =
— 4.

4a. Intuitively, if Alice got no reds, then Bob is drawing 2 marbles from a collection of 2
reds and 4 non-reds, so E(X | Y =0)=2/6+2/6 =2/3.

4b. Intuitively, if Alice got 1 red, then Bob is drawing 2 marbles from a collection of 1 red
and 5 non-reds, so E(X | Y =1)=1/6+4+1/6=1/3.

4c. Intuitively, if Alice got 2 reds, then Bob is drawing 2 marbles from a collection of 0 reds
and 6 non-reds, so E(X | Y =2)=0/6+0/6 = 0.

4. Here is a more formal way to solve question 4. We have

pr(Q O) (b)(g) (g)(0> (1/28)( ) o 1/28 pr(O 2) (6)(0) ( )(2)

— (15/28)(1/15) = 1/28

N D0
pxr( ) = YBE —@mas —yr. o) = BROW _ gmesm —2r

pxy(0,1) = LG _ (15/98)8/15) = 2/7.  pyy(0,0) = LW GG _ (15 /98y(2/5) = 3/14.

So py(0) = 1/28+2/7+3/14 =15/28 and py (1) =1/7+2/7 = 3/7 and py(2) = 1/28. Thus:

4a. We have px | y(z | 0) = pxy((w) Thus px | y(0]0) = 135//1248 =2/5andpx | y(1]0) =

2T =8/15 and px | y(2 | 0) = L2 = 1/15, 50 E(X | Y =0) = (0)(2/5) + (1)(8/15) +

B)1/15) = 25 o
4b. We have py | y(z | 1) = 22450 Thus px | (0] 1) = 21 = 2/3 and px | v(1] 1) =
P =1/3, 50 B(X | Y =1) = (0)(2/3) + (1)(1/3) = 1/3.

4c. We have px | y(z | 2) = p);://—((x)Z) Thus px | v(0 | 2) = 1@2—1 so E(X | Y =2) =
(0)(1) = 0.



