STAT /MA 41600
In-Class Problem Set #29: October 26, 2015
Solutions by Mark Daniel Ward

la. One method is that we can compute
E(X?) = / / )(70e 3 ) dydx = / (xQ)(7063”‘“)/ e Vdydr = / (2%)(70e3)(1/7)e” ™ dx,
0 T 0
which simplifies to

E(X?) = /000(952)(106_1%)0593 = (”2)(_6_1%)}10_/0

We already computed (in 1 of the last problem set): 10 [;~ ze %" dz = 1/10, and thus
E(X?) =2 [ ze1% dz = (2/10)(1/10) = 2/100.

1b. We have Var (X) = E(X?) — (E(X))? = 2/100 — (1/10)% = 1/100.

2a. We have E(XY) = fofo 1y)(1/40) dy dx = fo )(4/5) dx = 10.

2b. Yes, X and Y are independent. Their joint density 1/40 can be factored into 1/5 and
1/8, and the joint density is defined on a rectangle.

2c. We have E(X fo )(1/5)dx = 5/2.

2d. We have E(Y fo )(1/8) dy = 4.

Thus, we can use parts 2b, 2¢, 2d to double check that E(XY) = E(X)E(Y) =
(5/2)(4) = 10. (We emphasize that we can only multiply the expected values this way
because the X and Y are independent.)
3a. One method is that we can compute

— /02/08_4:8(:132)(1/8) dy dr = /02(372)(1/8) /08_4x1dyd:v = /02(372)(1/8)(8—490) de,

which simplifies to
2 8 —4dx
E(X?) = / (:ﬁ)( - ) dr = 2/3.
0

FYT, if you decided (instead) to just directly use the density of X, namely, fy(z) = 25% for

0 < <2, we get exactly the line above, E(X?) = fo (552) do = 2/3.
3b. One method is that we can compute

E(XY) = /0 /0  ay)(1/8)dyda — /0 (2)(1/8) /0  ydyde = /0 (2)(1/8)(8r2—320+32)dr — 4/3.

You could also have changed the order of integration and the bounds, as another possible
method of solution.

4a. We have

o0

(—e 1) (22)dr = O+2/ re 1% dx
0

o0

B = /000@2)(56‘@) dy = (y*) ()|, ~ / (29)(—e ™) dy

which snnphﬁes to IE =2 [y ~%) dy. We saw in 4a from the previous problem
set that 5 [ (y ) dy =1/5, so 1t follows that E(Y?) = (2/5)(1/5) = 2/25.
4b. We have Var( ) E(Y?) — (E(Y))? =2/25 — (1/5)% = 1/25.



