STAT/MA 41600
In-Class Problem Set #39 part 2: November 16, 2018
Solutions by Mark Daniel Ward

Problem Set 39 part 2 Answers

1. We have E(XY) = [;°[>(zy)(1/750)e~@/150+4/30) 4y dz.

For the inner integral (only), integration by parts with u = y and dv = ()(1/750)e~ (#/150+y/30)
and thus du = dy and v = —(2)(1/25)e~@/150+4/30) gives us [>(wy)(1/750)e~(@/150+4/30) gy —

—(ay)(1/25)e™ /IOTEA00e [ —(a )(1/25) (e/19000/30) dy = (%)(1/25)e™"/*+(2)(6/5)e /.

So altogether we have E(XY) = [ ((?)(1/25)e /25 4 (g )(6/5)6_9”/25) dx. The first term
is equal to (2)(252), since it is equal to E(X?), where X is an exponential random variable with
A = 1/25. The second term can be rewritten as [;°(2)(6/5)e*/%® da = 30 [, (z)(1/25)e~*/? du,
which equals (30)(25), by again using our knowledge of the mean of an exponential random variable
with A = 1/25. So altogether we have E(XY') = (2)(252) + (30)(25) = 2000.

2a. For the inner integral (only), we get
S (@) (1/750) e (#/150/30) dy = —(@)(1/25)e (eA0TU/A 00 = ()(1/25)e™"/%.

Now we have E fo )(1/25)e —2/25 (g = 25, using our knowledge about the mean of
exponential randorn Varlables
2b. We have E(Y) = [/ (y)(1/750)e~@/150+y/30) gy dz.
For the inner mtegral (only) integration by parts with u = y and dv = (1/750)e~(®/150+y/30)
and thus du = dy and v = —(1/25)e=@/10H4/30) gives us [*(y)(1/750)e~(#/150+y/30) gy =
( )(1/25) (z/1504y/30) |oo _ f (1/25) —(x/150+y/30) dy = ( )(1/25) 71/25 (6/5) —z/25
So we get E(Y) = [~ ((#)(1/25)e ~2/25 4 (6/5)e~%/%) dx. The first term is 25 (by using our

knowledge about the mean of exponential random variables). The second term s [ (6/ 5)e %/ dy =
30 J;°(1/25)e=%/% dx = 30. So altogether we have E(Y) = 25 + 30 = 55.

3. As before, we compute Cov(X7, X2) = E(X1X2) — E(X7)E(Xs) = (12/52)(11/51) — (3/13)?2
—10/2873. We also have Var(X;) = Var(X2) = E(X?) — (E(X1))? = E(X1) — (E(X1))? =
3/13 — (3/13)% = 30/169. So altogether we have p(X1, X2) = Cov(X1, X2)/+/Var(X;)Var(Xz) =
(—10,/2873)/1/(30/169)(30/169) = —1/51.

4. As before, we compute Cov(X1, Xo) = E(Xng) E(X))E(X2) = 12/90 —(1/3)? = 1/45. We
also have Var(X;) = Var(Xy) = E(X?) — (E(X1))? = E(X1) — (E(X1))?2 =1/3 — (1/3)? = 2/9. So
altogether we have p(X1, X3) = Cov(X1, X2)//Var(X;)Var(X2) = (1/45)/+/(2/9)(2/9) = 1/10.




